The Lorenz attractor is a strange attractor which has been proposed as an explicit model for turbulence ((4), compare (5)). First studied by E. N. Lorenz as a truncation of the Navier-Stokes equations (2), it has since attracted the attention of mathematicians because of its particularly interesting dynamical properties.
Introduction
The Lorenz attractor is a strange attractor which has been proposed as an explicit model for turbulence ((4) , compare (5)). First studied by E. N. Lorenz as a truncation of the Navier-Stokes equations (2) , it has since attracted the attention of mathematicians because of its particularly interesting dynamical properties.
Attractors of this type, henceforth called Lorenz attractors, are particularly delicate vis a vis perturbations of the vector field. An excellent description of Lorenz attractors is given by J. Guckenheimer in (l) and their properties have been clarified still further by R. F. Williams in (6) .
The delicacy of Lorenz attractors manifests itself as follows: every neighbourhood of a vector field containing a Lorenz attractor contains a two-parameter family of vector fields with Lorenz attractors such that no two of these attractors are homeomorphic.
This family is detected using artifacts called kneading series which describe the way in which the trajectories near the attractor perform their characteristic dance of wheel and counterwheel. Kneading series were first introduced by J. Milnor and W. Thurston to study the dynamic properties of certain endomorphisms of an interval of the real line. R. F. Williams (6) adapted the idea for use in the context of Lorenz attractors and used them to show that Thorn's wS conjecture is false.
In this note we attempt to answer some questions raised by (6) ; in particular, to show that the kneading series determines the homeomorphism type of the attractor. To do this we introduce a kneading invariant which is essentially the same as Williams's sequences but which follows Milnor's development (3) more closely. We construct a piecewise linear model for the Poincare" map when the attractor has a symmetry as in Lorenz's original example, and describe some properties of the periodic orbits.
Roughly speaking, Williams constructs Lorenz attractors as follows. Let L be the branched surface shown in Fig. 1 (cf. (6) , fig. 1 ; (2), p. 138). Let <j> t , t > 0, be a semiflow defined on L so that 0 is a saddle point with stable and unstable manifolds as shown and the Poincar6 map/: I -> I (f(x) is the point of/ where the trajectory through x next meets /) has a graph like that shown in Fig. 2 and satisfies the hypotheses (l)-(3) of Section 2. Then the Lorenz attractor associated with (L,<j> t ) is the inverse limit (L, $ t ) oiL with respect to $ t . This is a singular space L together with a, flow $ t . Generically each point & 4= 0 of L has a neighbourhood which is either the Cartesian product of a Cantor set with a 2-disk, or the product of a 1-disk with the cone over a Cantor set (the latter if $ is contained in the unstable manifold of 0 = limO, but £ =t = 0). Of course virtually all of the information about this attractor is contained in the Poincare" m a p / a n d it is this map which we study below. The step of relating/to the Lorenz attractor is very adequately covered by Williams's exposition (6).
The Lorenz map
In the following sections we study the Poincare" map/:/-»•/ where / = [ -l . + l ] and/satisfies the following conditions:
(1) / i s differentiable at x provided x # 0, the following limits exist:
is called the kneading invariant of/. If there is any uncertainty as to which map we are referring to, we denote these by k + (f) and k_(f).
Of course, this definition is motivated by the kneading sequences of R. F. Williams (6) . However, it is important to note the distinction between his kneading sequences and the kneading invariants defined here for the homoclinic case where / m (l) = 0 or / n ( -1) = 0. In this case the two definitions do not agree, though there is an obvious correspondence. The reason for choosing the definition used here will become obvious from the results which follow, and particularly those in Sections 6,7 and 8. (1) and (2) for all n > 0. LEMMA 
For every xe( -1,1), k(x) is (k + , k_)-admissible. Conversely, every (k + , k_)-admissible series is equal to k{x) for some x e (-1,1).
Proof. We only have to prove the second statement. Let 0 = £ 6 t ft i=0 be a {k + ,&_)-admissible series and let x = su-p{yel\k(y) < 6) . Then, by (1), x is well defined. Clearly
I t follows that 0£ = k t (x) for 0 < i < n, and This latter implies that d i = 0 for alii ^ n. because ^ is admissible. Hence d i = k^x) for alii > 0 and therefore 6 = k(x).\ Thus the periodic admissible sequences correspond bijectively with the periodic points of/, and k + and k_ thus determine the periodic points of/. The converse is also true if a > J2 and as a straightforward corollary we can deduce that the kneading invariant is an invariant of the homeomorphism type of the attractor (6). LEMMA 
/ / a > ^/2 then the periodic points off are dense in I.
Proof. We show that any open interval J contains a periodic point. Assume without loss of generality that J <= (-l, 0). Let 7 0 = J and I i+1 be the longest component of/(7 i )\{0} or if these components have the same length let it be the one on the same side of 0 as J.
For each i Js l , / -1 /^ = / t is a contraction sending I t into 7^. Now a > ^/2 implies that for n large enough 7 n = (-1,0) (see, for example, (6)). Thus we have a contraction so 7 0 contains a point of period ^ n. PROPOSITION 
(i) k + and k_ determine the periodic orbits, (ii)
The periodic orbits determine k + and k_ifa>*j2.
Proof. We only need to prove (ii). This follows from the following lemma. By the strict monotonicity of x i-» k(x), A(/) and A(g) are dense in I. Using this fact we see that {A n } is a Cauchy sequence in the C-topology on the space of continuous maps of / into / . Thus h = lim h n exists and is continuous.
n-»-oo
The mapping h agrees with x n o n A « whence, by the density of A, h is strict monotone and hence a homeomorphism. Also hof=goh on A n for each n ^ 0 so hof and goh agree on a dense subset of / . By continuity, we have that hof = goh. Thus h is the required conjugacy and the theorem is proved.
Remark. The conjugacy constructed in the proof of Theorem 1 is orientation preserving. If k±(f) = -kzf(g) we can construct an orientation reversing conjugacy in a similar way. COROLLARY 
The set {k + ,k_, -k + , -k_} is a complete invariant for the homeomorphism, type of a Lorenz attractor if a > ^2.
Proof. That the set {k + , k_, -k + , -k_} is an invariant of the homeomorphism type follows from Williams(6) (cf. Proposition 1). The converse follows immediately from Theorem 1 subject to the obvious amendments for the orientation reversing case, and some detailed considerations of the constructions of (I) and (6) .
Of course, the theorem implies a stronger result. Letting n->oo we have , . , , . < +» _ /». r. » from which the result follows directly. The rate of growth of the numbers y n as w->oo is measured by s = lim sup %V7»f Since 1 < y n ^ 2 n it follows that 1 < s ^ 2. We can sharpen this estimate. Proo/. Since/ -1 (a;)\{0} is non-empty for all a;e (-1, l)\{0} it follows that y n+1 ^ y n for all w > 0. Now a ^ inf/'(a;). Thus after n+ 1 iterations there must have been no less than from which it follows immediately that s > a.
TAe 2>ieceM«se linear model for the symmetric case
Lorenz's original example (2) possessed a natural symmetry arising from the physics which we can interpret as/( -x) = -f(x) or k + = -k_. Throughout this section and the next we assume that / possesses this symmetry. In this section we construct a ' conjugacy' between / a n d a piecewise linear function.
The first thing to note is that r = s' 1 is the radius of convergence of y considered as a power series in the complex variable t. Then by our choice of r, i£ is continuous. Moreover, if x < y, by an argument similar to that used in the proof of Theorem 2, we have that (0) with (x, y). Using the fact that (k + -k_)(t) > 0 for 0 < t < r, we deduce that K(y) ^ K(x). Using the continuity of K we deduce that K is monotone.
It is now easy to calculate the image of K since K( -1) = -s and i£(l) = s. (ii) Suppose that a.'{k) < oc '(l) . Then iff has a periodic point of period k it has one of period I.
(iii) The series a'(r) exhibits the following order:
a'(3) < a'(5) < a'(7) < ... < a'(2.3) < a'(2.5)... < ... < a'(2 2 .3) < a'(2 2 .5) < ... < a'(2«) < a'(2"-1 ) < ... < a'(2).
